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ABSTRACT 
In the present paper it is shown that every L-weakly compact operator from an AL-space into 
a K&pace has an L-weakly compact modulus and that every M-weakly compact operator from 
a Banach lattice into an order complete AM-space with unit has an M-weakly compact modulus. 
1. INTRODUCTION 
Throughout this paper, let E and G be Banach lattices such that G is order 
complete and let Lb& G) denote the order complete vector lattice of all order 
bounded (linear) operators [E-G. Furthermore, let Udenote the closed unit ball 
of IE and, for a subset W of G;, let sol(W) denote the solid hull of W. 
A continuous operator T: [E--G is L-weakly compact if 1imII yn)I = 0 holds for 
every disjoint sequence { yn E sol( T( U)) + 1 n E ~PJ}, and it is M-weakly compact if 
lim[I Tx,J = 0 holds for every norm bounded disjoint sequence {x, E E, In E N}. 
These operators were introduced by Meyer-Nieberg [5] who proved that every 
L- or M-weakly compact operator is weakly compact and that a continuous 
operator is L- resp. M-weakly compact if and only if its adjoint is M- resp. 
L-weakly compact; see also [2; Section 181. 
In the present paper we give conditions under which the ordered vector spaces 
of all L- resp. M-weakly compact operators [E-G are ideals in Lb&G). The 
corresponding problem for weakly compact operators was studied by Aliprantis 
and Burkinshaw [l] and Schmidt [8]: They proved that the weakly compact 
operators [E-t6 form an ideal in Lb@, 6) if either E is an AL-space and G is 
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a KB-space [l] or lE has an order continuous dual norm and G is an order 
complete AM-space with unit [8]. In analogy with these results, we shall prove 
that the L-weakly compact operators E-N3 form an ideal in Lb(lE,G) if E is an 
AL-space and G is a KB-space and that the M-weakly compact operators lE-6 
form an ideal in Lb@, G) if G is an order complete AM-space with unit. 
2. ORDER BOUNDED OPERATORS 
For a linear operator T: lE-6, define a function @r: lE+-*F by letting 
@r(x): =s~pt-~,~~l(TzII for all XEIE,. 
2.1. LEMMA 
If G is an order complete AM-space with unit, then a linear operator T: E-+G 
is order bounded if and only if it is continuous, and in this case 
eTw=e~Tp~ 
holds for all XE lE+. 
PROOF. It is well-known that T is order bounded if and only if it is con- 
tinuous. Suppose now that T is order bounded and consider XE IE, . For all 
y, z E lE satisfying x+ z = 2y, we have z E [ -x, x] if and only if y E [0, x]. This 
yields 
Ed = su~~o,x~II TY - T(x-Y)II . 
Since G is an order complete AM-space with unit, we also have 
II ITlxll =suP~o,,I~~TY- T(x-Y)II 
and thus eT(x)=I)ITlxII. Replacing Tby ITI, we obtain elT~(x)=~lTlxll and 
hence e&d = elrl(x). cl 
For a Banach lattice IH, let QIH : IH +IH” denote the evaluation map. A 
Banach lattice IH has property (P) if there exists a positive contractive projec- 
tion IH”+ Q,JIH). Every Banach lattice having property (P) is order complete, 
and examples of Banach lattices having property (P) are dual Banach lattices, 
K&spaces, and order complete AM-spaces with unit [7; p. 251 and p. 2991. The 
following result is proven in [8]: 
2.2. PROPOSITION 
If G has property (P), then a linear operator T: lE+G is order bounded if and 
only if its adjoint T’: G’+E’ is order bounded, and in this case 
ITI =Q8V’I’Q, 
holds for each positive contractive projection P: W-Q&). 
3. L- AND M-WEAKLY COMPACT OPERATORS 
Let us first consider M-weakly compact operators. 
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3.1. THEOREM 
If G is an order complete AM-space with unit, then the M-weakly compact 
operators E-G form an ideal in Lb&G). 
PROOF. It is easy to see that a continuous operator T: E-G is M-weakly 
compact if and only if lim e,(x,) = 0 holds for every norm bounded disjoint 
sequence {x, E E, In E N}. It now follows from Lemma 2.1 that a continuous 
operator T: [E-G is M-weakly compact if and only if its modulus JTI is 
M-weakly compact, and it is then clear that each order bounded operator 
S : IE*G satisfying 1 S 15 ( T) for some M-weakly compact operator T: IF+ G is 
also M-weakly compact. 0 
If IE is an AM-space, then M-weakly compact and weakly compact operators 
lE-+G are the same 151; see also [2; Theorem 18.111. Therefore, Theorem 3.1 
yields the following special case of the main result in [8]: 
3.2. COROLLARY 
If IE is an AM-space and G is an order complete AM-space with unit, then 
the weakly compact operators 1E-G form an ideal in Lb@,(E). 
Let us now consider L-weakly compact operators. 
3.3. THEOREM 
If E is an AL-space and G is a KB-space, then the L-weakly compact 
operators E-G form an ideal in L’(lE,G). 
PROOF. Consider an L-weakly compact operator T: E-G. By Meyer- 
Nieberg’s result on the duality between L- and M-weakly compact operators 
mentioned in the introduction, the adjoint T’: G’+lE’ is M-weakly compact, 
and it then follows from Theorem 3.1 that T’ has an M-weakly compact 
modulus I T’I. Using Meyer-Nieberg’s result again, we see that I T’I’ is L-weakly 
compact, and this implies that IYl’Qr is L-weakly compact. Since G is a KB- 
space, Q&G) is a band in G” [2; Theorem 14.121. Let P: G-Q,&) denote 
the associated band projection. It now follows from Proposition 2.2 that T is 
order bounded and satisfies 
IT( =Q,‘P1T’I’Q,. 
To see that 1 T) is L-weakly compact, consider a disjoint sequence 
{y,~soI(lTt(U))+In~~} 
and, for all n E R\I, choose x, E U satisfying y,, I I I T Ix, I. Then we have, for all 
nettd, 
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and thus 
This means that {Qoy,l n E n\l} is a disjoint sequence in sol((l TI’Qr)(U))+ . 
Since 1 Tl’Qr is L-weakly compact, as proven before, we have limIIQoy,I( = 0 
and thus limIJy,J = 0. This proves that IT) is L-weakly compact. Finally, it is 
easy to see that each order bounded operator S : iE+G satisfying IS ( I I T I for 
some L-weakly compact operator T: IE-tG is also L-weakly compact. 0 
If G is an AL-space, then L-weakly compact and weakly compact operators 
E-G are the same [5]; see also [2; Theorem 18.111. Therefore, Theorem 3.3 
yields the following special case of a result of Aliprantis and Burkinshaw [l]; 
see also [2; Theorem 17.141: 
3.4. COROLLARY 
If E and G are AL-spaces, then the weakly compact operators E+G form an 
ideal in Lb& 6). 
4. REMARKS 
Theorem 3.1 parallels a result of Niculescu [6] on o-weakly compact 
operators which were introduced by Dodds [3]. Furthermore, since weakly 
compact and Dunford-Pettis operators defined on an AM-space are the same, 
Corollary 3.2 may be regarded as a partial analogue of a result of Dodds and 
Fremlin [4] on Dunford-Pettis operators between AL-spaces. Finally, Theorem 
3.3 can also be considered as a result on semicompact operators, due to the fact 
that L-weakly compact and semicompact operators into a Banach lattice with 
order continuous norm are the same [2; p. 3321. 
REFERENCES 
I. Aliprantis, C.D. and 0. Burkinshaw - On weakly compact operators on Banach lattices, Proc. 
Amer. Math. Sot. 83, 573-578 (1981). 
2. Aliprantis, C.D. and 0. Burkinshaw - Positive Operators, Academic Press, New York- 
London, 1985. 
3. Dodds, P.G. - O-weakly compact mappings of Riesz spaces, Trans. Amer. Math. Sot. 214, 
389402 (1975). 
4. Dodds, P.G. and D.H. Fremhn - Compact operators in Banach lattices, Israel J. Math. 34, 
287-320 (1979). 
5. Meyer-Nieberg, P. - ijber Klassen schwach kompakter Operatoren in Banachverbanden, 
Math. Z. 138, 145-159 (1974). 
6. Niculescu, C.P. - Operators of type A and local absolute continuity, J. Operator Th. 13,49-61 
(1985). 
7. Schaefer, H.H. - Banach Lattices and Positive Operators, Springer, Berlin-Heidelberg-New 
York, 1974. 
8. Schmidt, K.D. - On the modulus of weakly compact operators and strongly additive vector 
measures, Proc. Amer. Math. Sot. (to appear). 
92 
